In this paper, we make a further step of [1] and calculate off-shell superpotential of two Calabi-Yau manifold with three parameters by integrating the period of subsystem.
Introduction
When Type II string theory compactfying on Calabi-Yau threefold with D-brane and background flux, the superpotential will be generated which in general can divided two parts-one originated from D-brane and the other from flux. The superpotential also plays an important role in mathematics which generates the Ooguri-Vafa invariants and counting the number of disks and sphere instantons. gives the brane superpotential W brane , where A is the gauge field with gauge group U(N) for N D5-branes. When reduced dimensionally, the low-dimenaional brane superpotentials can be obtained as [3, 4] W brane = N ν
where Γ ν is a special Lagrangian 3-chain and (z,ẑ) are closed-string complex structure moduli and D-brane moduli from open-string sector, respectively.
The background fluxes H (3) = H
RR + τ H
N S , which take values in the integer cohomology group H 3 (X, Z), also break the supersymmetry N = 2 to N = 1. The τ = C (0) + ie −ϕ is the complexified Type IIB coupling field. Its contribution to superpotentials is [5, 6] 
The contributions of D-brane and background flux (here the NS-flux ignored) give together the general form of superpotential as follow [7, 8] 
where N i = n i + τ m σ , τ is the dilaton of type II string and Π i is a relative periods defined in a relative cycle Γ ∈ H 3 (X, D) whose boundary is wrapped by D-branes and D is a holomorphic divisor of the Calabi-Yau space. In fact, the two-cycles wrapped by the D-branes are holomorphic cycles only if the moduli are at the critical points of the superpotentials. Thus, the two-cycles are generically not holomorphic. However, according to the arguments of [7] [8] [9] , the non-holomorphic two-cycles can be replaced by a holomorphic divisor D of the ambient Calabi-Yau space with the divisor D encompassing the two-cycles.
Geometrically speaking, when varying the complex structure of Calabi-Yau space, a generic holomorphic curve will not be holomorphic with the respect to the new complex structure, and becomes obstructed to the deformation of the bulk moduli.
The requirement for the holomorphy gives rise to a relation between the closed and open string moduli. Physically speaking, it turns out that the obstruction generates a superpotential for the effective theory depending on the closed and open string moduli.
The off-shell tension of D-branes, T (z,ẑ), is equal to the relative period [7, 8, 10 ]
which measures the difference between the value of on-shell superpotentials for the two D-brane configurations
The domain wall tension is [11] T (z) = T (z,ẑ) |ẑ =critic points (1.7)
where the critic points correspond to dW dẑ = 0 [10] and the C ± is the holomorphic curves at those critical points. The critical points are alternatively defined as the Nother-Lefshetz locus [12] 
and ω (2,0) a is an element of the cohomology group H (2,0) (D). At those critical points, the domain wall tensions are also known as normal function giving the Abel-Jacobi invariants [11] [12] [13] [14] [15] The Superpotential can be calculated by study the Hodge variation on the cohomology group Γ ∈ H 3 (X, D). The flat Gauss-Manin connection on this cohomology group can determine the mirror map between A-model and B-model. By the mirror symmetry, we can also obtain the Ooguri-Vafa invariants.
The purpose of this note is to calculate the off-shell superpotential which at the critical point equal to the domain wall tensions (on-shell superpotential) that have been obtained in the previous work [1] .
Generalized GKZ system and Differential Operators
The period integrals can be written as
where P is the hypersurface equation and a i is the moduli determining the complex structure in B-model. See more in [1] . According to the refs. [16, 17] , the period integrals can be annihilated by differential operators
where ϑ i = a i ∂ a i . As noted in refs. [18] [21], the equations Z k Π(a i ) = 0 reflex the invariance under the torus action, defining torus invariant algebraic coordinates z a on the moduli space of complex structure of X [11] :
where l a , a = 1, ..., h 2,1 (X) is generators of the Mori cone, one can rewrite the differential operators L(l) as [11, 17, 18 ]
The solution to the GKZ system can be written as [11, 17, 18 ] 
with some corresponding two-form ω The mirror manifolds can be constructed as an orbifold by the Greene-Plesser orbifold group acting as
k x i with weights
where we denotes λ 6 1,2 = 1 and λ 3 3 = 1. By the generalized GKZ system, the period on the K3 surface has the form
which vanishes at the critical locus u 2 = 0. According to (2.9), the off-shell superpotentials can be obtained by integrating the π:
with the appropriate integral constants [11] , the superpotentials can be chosen as W + = −W − . In this convention, the off-shell superpotentials can be obtained as
Eventually, The superpotential are 
here q i = e 2πit i and we can obtain the inverse mirror map Using the modified multi-cover formula [3] for this case Table. 1.
Superpotential of Hypersurface
The X 12 (1, 1, 1, 3, 6 ) is defined as zero locus of P : On the mirror manifolds, the Greene-Plesser orbifold group acts as
where we denotes λ 
where c are some normalization constants not determined by the differential operator.
According to (2.9), the off-shell superpotentials can be obtained by integrating the π: 5) with the appropriate integral constants [11] , the superpotentials can be chosen as
The open-string mirror map are
here q i = e 2πit i and we can obtain the inverse mirror map as follows [12] .
Using the modified multi-cover formula [3] for this case 
Summary
In this paper, we make a further step of previous work [1] and calculate the off-shell
superpotential. By open mirror symmetry, we also compute the Ooguri-Vafa invariants from A-model expansion.
The superpotential of Type II string theory are important in both physics and mathematics. It also related to F-theory by open-closed duality [19] [20] [21] . In type II/Ftheory compactification, the vacuum structure is determined by the superpotentials, whose second derivative gives the chiral ring structure. The quantum cohomology ring structure comes from the world-sheet instanton corrections and space-time instanton corrections [7, 8] . In fact, the more general vacuum structure of type II/Ftheory/heterotic theory compactification can be tackled in Hodge variance approach.
In next work, we will study D-brane in general case. We also try to calculate the Dbrane superpotential with the method of A ∞ structure of the derived category D coh (X) and path algebras of quivers.
